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Using the method of matching asymptot ic  expansions [1-3], a s tat ionary field of velocities is 
obtained in the vicinity of a sphere for Reynolds numbers R and aR computed from the blow- 
ing velocity and the fluid flow, respect ively;  they satisfy the relat ions aR 2 <~ 1 and aR << 1. 
It is  also shown that for intensive blowing (R >> 1), the resis t ive force is considerably small-  
e r  than that found by using the Stokes formula. For weak blowing the resul ts  are  in good 
agreement  with the solution of Oseen. 

The motion of fluid is governed bythe  N a v i e r - S t o k e s  equations and the continuity equation which, as 
it is known [4], yield the following equation for the s t r e a m  function: 

R (o'F 0 o~I �9 0 _~2ctgO0'I" 2 o~I "\  
rasinO .00 Or Or O0 Or -~ 00 ) D2IF ~- D4"tz 

R = --~- / D~----'-~r2 +'-'Tr- N si~0-bg' 
vrr~sinO~OlF]O0, v6rsinO=--O~FlOr ] 

(i) 

In the above a is the sphere radius,  v is the kinematic viscosity,  q~ and r are  the dimensionless 
s t r eam functions and the distance to the sphere center,  w is the fluid velocity at  the sphere surface,  v r and 
v 0 are  the components of the dimensionless velocity in the spherical  coordinate sys tem with the polar axis 
along the direct ion of u, the velocity o f  the flow far away f rom the sphere.  To change over  to dimensional 
quantities,  one has to replace r,  v r ,  v 0, �9 by a t ,  wv r ,  wv 0, and wa2~, respect ively .  

The boundary conditions are  

~F ---- --  cos 0, O ~ g / 0 r = 0  for r =  t 

IF --+ ~/~er ~ sin z 0 (e = u ] w) for r ---> co 

A solution of Eq. (1) with the boundary conditions (2) can be sought in the form 

W (r, O) = - -  cos  0 + e ~  1 (r, O) -4- e ~ W~ (r, O) -]- . . . .  

(2) 

Equation (1) then yields 

..~_ ( . ~ / t  0 72") D ~ F 1 -  D4~1 = 0 

R 0 2 
-7~- ( ~  7 )  D~ F2 - D'LF2 --- 

(3) 

(4) 
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By se t t i ng  

Tl (r ,  0) =~p~ (x) sin 20, T2(r ,  O ) = ~ ( x )  sin 20cos0 (r = R x )  

one can  a r r i v e  a t  the equa t ions  

dx "z x ~ x" dx dx,~ .x.~' 1 = 0 

dx "~ x" x~ dx + - ~  dx "~ z~ ~ = CPl 
2 d 

x ] \ dx". ---~iZ) ~P') 

(5) 

(6) 

The b o u n d a r y  cond i t ions  a r e  now 

~1 = r = 0, d~;1/ dx = d~p2 / dx  = O for x =  l / R  (7) 

~1 --~ i/2 R2xa for x ~ oo (8) 

It follows f r o m  Eq. (5) that  

(9) 

up to an  a r b i t r a r y  cons t an t  A 1. 

The o the r  l i n e a r l y  i ndependen t  so lu t ion  of Eq. (5) is  i gno red  s ince  i t  leads  to r ~ x4 for  x - - ~ .  

Equa t ion  (9) and the condi t ions  (7) and (8) enab le  one to ob ta in  

(lo) 

c ~  

(AI -- 3R4 
2 ( l + R )  e - ' - - 2 + R " -  En(z)=fe-Zt--~-n)  

1 

Hence,  it  follows that  for  x >> 1 and  Rx >> 1, one has  

~1 = 1/2 R~x2 (i - -  1/3AI / R2x) 

F o r  low blowing ve loc i t i e s  (R << 1) the above fo rmula  is  i den t i ca l  with the s t r e a m  funct ion fa r  away 
f r o m  the sphe re  of r a d i u s  r = 1 

~1 = 1 / 2 R  2x2 ( l  - 3 / 2 B x )  

For  i n t ens ive  b lowing (R >> 1) the s t r e a m  func t ion  far  away f r o m  the sphe re  is  of the s a m e  f o r m  as  
for  the flow pas t  the sphe re  of r a d i u s  r N R (x ~ 1) 

~1 = II~ R2x~ (i - -  l / x )  

M o r e o v e r ,  the r igh t -hand  s ide of Eq. (6) can  be eva lua ted ,  

I (+) i+; 2 5 (i -~ R) e -R -- 5 2 -- 2 (i -]- R) e -R --  3ReE4 (R) ~ exp --  4 
~Pl : - -  T A12 i -~ 3Rex?. -~ 3RSx 5 - -  ~ Es exp - -  

It can  be shown that  a so lu t ion  of Eq. (6) which for  x ~  does not i n c r e a s e  m o r e  r a p i d l y  than x 3, is  
g iven  by the equa t ion  
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{ [ i-'~ (i-{-H) e - R -  i (4X''J-3X-~-l)-~ 

+ ,,~, (+)+, o,p (+)~,(+)_ ,,E, (+)+ ~, (+)_ 
-~.~o(-'I~~247 [,o ,<,+,>0-,_, ] ( , )  - -  ~--~- 2r i - - ~ -  + \, x ~j 3R ~ 

[( ~) ( 5 )  ~ i8 6 + exp 24 § + A ~  2~ + ~ -  + x-- T - -  - -  

In the above  A2 i s  an  a r b i t r a r y  cons t an t .  

I t  fo l lows f r o m  Eq.  (11) and the condi t ion  tha t  r does  not  i n c r e a s e  m o r e  r a p i d l y  than  x 2 fo r  x ~ ~ tha t  

*~=- -2A12x5  {~5 [ E a ( ~ -  ) - -  E8 (---ix)] + (iq-R) e - R -  t 

' ' 4 E 8 ( + ) _  3 ' 

_I_ 2 ( tCR)  e-R--2-{-3R2Ea(R) 2 2)ex p __t_t E f i ~] _ ,~o,,~,-, [ ( §  ( - + )  x, ~ 
,o ",T/§ - 5  E : '  

2\ 

' [,~, (~! oxp ( - + ) _  ~, ( ~ ) _  ~E,, (+)! + 350 

+,,~, I~,(+)- ~, (+)]+ 
+~ A,[~~ ~, (+)l +~A,[~,(§ E, (§ + 

(12) 

The c o n s t a n t s  A 2 and B2 can  be d e t e r m i n e d  f r o m  the b o u n d a r y  cond i t i ons  (7). 

F o r  x >> 1 and Rx >> 1 i t  fo l lows f r o m  (12) tha t  

~ = - -  l h A 1 R 2 x 2  ( 1 3 )  

The so lu t i on  (12) e n a b l e s  one to s t a t e  tha t  e i t h e r  fo r  ~xR 2 ~ 1, o r  ~ r R ~  1, the c o r r e c t i o n  to the flow 
funct ion  ~1~ 2 i s  a quan t i t y  of  the s a m e  o r d e r  a s  ~ 1 ~  

T h e r e f o r e ,  to  f ind the o u t e r  expans ion ,  one should  i n t r o d u c e  a r a d i a l  c o o r d i n a t e ,  y - ~ rR,  and s e e k  
the s t r e a m  funct ion in the f o r m  

(r, o) - -  '~h (y~ / 8R ~) s in2 o + I, (y, o) 

One then ob ta ins  fo r  r  0) the O s e e n  equa t ion  

( 0 sinO O ) D ~  = D4 ~ cos 0 Oy y 
sin 0 0 l 0 

{ D~ - a~ + \ - -  Oy ~ y~ O0 s i n 0  ~" ) 

(14) 

A c o r o l l a r y  of  Eq.  (14) is  

D2~p=C(l + ~ ) s i a ~ 0  exp[  y (i -- cos ] 

w h e r e  C i s  a c o n s t a n t .  
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The s o l u t i o n  of the  above  e q u a t i o n  i s  g iven  by  

(15) 

The funct ion  (15) d i f f e r s  f r o m  the f a m i l i a r  so lu t i on  [1-3] in  r e g a r d  to i t s  l e a d i n g  t e r m  and i s  r e l a t e d  
to the n o n z e r o  f lu id  flow on the s p h e r e  s u r f a c e .  

B y  w r i t i n g  the o u t e r  s o l u t i o n  (15) in  the i n n e r  v a r i a b l e s  and by  expand ing  into  s e r i e s  for  s m a l l  eR,  
one can  ob t a in  

W ----- - -  cos O + 1/2 R~x ~ sin~0 - -  CeR~x sin 2 0 

This  s o l u t i o n  i s  now m a t c h e d  with  the s o l u t i o n  (10) i f  C = ~6 A1/R 2. 

Thus ,  the o u t e r  s o l u t i o n  r e w r i t t e n  by  us ing  the i n n e r  v a r i a b l e s  is  g iven  by  

{ [ ]} = eR~x~2 sin~ 0 - -  ~A~ (i + COS 0) i - -  exp - -  --g--- (1 - -  cos 0) - -  Cos 0 (16) 

The ratio of the second to the leading term of the series, for a fixed value of the outer variable ~R2x, 
is equal in regard to the order of the quantities to eR for R << i, or to eR 2 for R >>I. 

The outer solution (16) can be matched with an inner one which with an error of up to the order of a 2 
inclusive should be selected in the form 

= - -  cos 0 -+- e (1 @ 1~12cA1)~Pt (x) sin20 + eeg~ (x) sin 2 0 cos 0 

w h e r e  r and  r a r e  d e s c r i b e d  by  the f o r m u l a s  (10) o r  (12), r e s p e c t i v e l y .  

The f o r c e  a c t i n g  on the s p h e r e  i s  d e t e r m i n e d  by  the m o m e n t u m  flow on i ts  s u r f a c e .  
of the f o r c e  onto the v e l o c i t y  d i r e c t i o n  of the o n c o m i n g  flow u i s  g iven  by 

Q --- 2ha2 i [ ( -  9w~v~ - p + ~ r r ' )  COS 0 - -  6rO' sin 0] sin 0 dO 
0 

(R~rr' ~ 2pw20v r ] Or, R~ro' ~ pu~ ~ (r-10v r / 00 ~- Ov 0 / Or -- v O / r)) 

The projection 

(17) 

For a velocity distribution which is spherically symmetric the convective momentum transfer makes 
no direct contribution to the integral. 

To evaluate the resistive force Q it is sufficient to consider only those terms in pressure p which are 

proportional to cos 0- Other terms can be ignored either in view of antisymmetry of the function under the 

i n t e g r a l  s ign  in  (17) in  r e g a r d  t o t h e  change  f r o m  0 to 7 r -0 ,  o r  a s  s m a l l  qua n t i t i e s  of  the o r d e r  of  ~3. 

By u s i n g  thL, N a v i e r - - S t o k e s  equa t i on ,  one can  ob t a in  

P. 
pwe 

2sA [ 1 - -  2 R' R -  @ ( t @  2 )  e - ' ]  c ~  

A = A1 (l +Vn ~A1)) 

with accuracy up to the terms of order ~2, where the dots refer to terms which are not essential for the 
computation of Q. 

Similarly, when evaluating (rrr' and Or0' it only suffices to consider the terms 

E ( ~rr ~ 0, %o 2~A R 2 p~-~,z ---- R~ t ~  t ~- R + - - f  e -n sin0 

Thus  

e R4 t 
Q ~ .  2 ( i - t - R ) e - f t - 2 t  - R 2 8 • p v R a a  [~ - -  (1 -F R) e -R] t @ :-~ 2 (t + tr e : i ~ -  2 4- R2 

The first step of this series in powers of ~ was obtained previously in [5]. 

(t8) 
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For  low velocity of blowing (R <~ 1) the r e s i s t ance  force is identical  with the O seen  formula ,  

Q = 6~pvau (i ~- 3/seR ) (19) 

For  intensive blowing, one h a s  

Q "(8n / R) pvau (t -~ 1/ae/{2 ) (20) 

The region of appl icabi l i ty  of the formula  cor responds  to ~R2< ~ 1 which is equivalent  to the requ i re -  
ment  of low Reynolds numbers  evaluated f r o m  the veloci ty  of the flow past  a sphere  of effective radius  
r ~ R. In that  region the r e s i s t i ve  force  may  be considerably  lower  than the one given by the Stokes for-  
mula.  
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